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Abstract. We consider dynamical systems for which the spatial exten- 
sion plays an important role. For these systems, the notions of attractor, 
e-entropy and topological entropy per unit time and volume have been 
introduced previously. In this paper we use the notion of Kolmogorov 
complexity to introduce, for extended dynamical systems, a notion of 
complexity per unit time and volume which plays the same role as the 
metric entropy for classical dynamical systems. We introduce this no- 
tion as an almost sure limit on orbits of the system. Moreover we prove 
a kind of variational principle for this complexity. 



1. Introduction 

Dynamical systems are called "extended" when the spatial extension plays 
an important role. They occur for example, in nonlinear partial differential 
equations of parabolic or hyperbolic type when the size of the domain is 
much larger than the typical size of the structures developed by the solutions. 
As in Statistical Mechanics, one can try to use the infinite volume limit as 
an approximation. 

For several classes of such systems, motivated by physical models, it has 
been shown that one can define the semi flow of evolution in unbounded 
domains acting on bounded functions with some regularity (see for example 
[Sj; EHI) ini)- This is particularly convenient when studying traveling 

solutions or waves, since one would not like to fix some particular bound- 
ary conditions which restrict the nature of the solution (for example fixing 
a particular spatial period). Once the dynamics has been defined in un- 
bounded domain, one can ask for a notion of attractor. Such a notion was 
introduced by Feireisl (see and 20 ) by observing the system in bounded 
windows and inferring the result for the unbounded domain. When the evo- 
lution equation does not depend explicitly on space (homogeneous system), 
the attractor is translation invariant and often non compact of infinite di- 
mension. However, if restricted to a finite window it is often a compact 
set. A situation which occurs in several examples is that the functions in 
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the attractor are analytic and bounded in a strip around the real domain 
(see for example jl], |25j ) . Compactness follows in bounded (real) regions 
when using norms for example. For such systems with non compact 
translation invariant infinite dimensional attractors, one can try to define 
extensive quantities as in statistical mechanics. A notion of dimension per 
unit volume can be defined from the e-entropy per unit volume of Kol- 
mogorov (see where it was used in particular to quantify the fact that 
some function spaces are larger than others. Looking for example at an 
attractor composed of functions analytic in a strip and of infinite dimen- 
sion, since an analytic function is completely determined by its data in a 
finite domain, the dimension observed in any finite window will always be 
infinite . To avoid this uninteresting result, one first fixes a precision e > 0. 
One then counts for example the minimal number of balls of radius e 
needed to cover the attractor in the finite window A. The next step is to 
prove that H{e) = lim|^|^oQ log^ A^^/|A| exists, and then to consider the 
quantity H{e)/log^ for small e. As mentioned above, the order in which 
the limits in A and e are taken is important. If for fixed A one lets first e 
tend to zero, the result is in general infinite, while in the other order, one 
can get finite results. These ideas were applied to the attractors of various 
extended systems (see [2], ^2] and [S]). These ideas can also be adapted to 
give a definition of the topological entropy per unit volume (see (El, (HI) |S] 
and 127'). One first fixes a finite precision, considers the maximal number 
N^(T) of different trajectories one can observe in a finite window A on the 
time interval [0, T] at this given precision. One then considers the limits 



\0|AHoo |A| T^oo 



Here again the order of the limits is crucial, otherwise one may get an infinite 
quantity. 

Regarding similar approaches, angular limits have been proposed in 
for cellular automata, and for entropies along subspaces we refer to |2J and 
references therein. In |Sj a similar definition was proposed for the metric 
entropy per unit time and volume, however this definition involves several 
limits which are up to now not known to exist. 

In order to circumvent this difficulty we deal in the present paper with 
the Kolmogorov complexity. For dynamical systems on a compact phase 
space with an ergodic invariant measure, it is known that the complexity 
per unit time of a typical trajectory is equal to the metric entropy (see j2j, 
j26j). A first advantage of the complexity per unit time is that it can be 
defined for individual trajectories with initial conditions on a full measure 
set. We will also see below that the complexity satisfies some useful sub- 
additivity properties allowing to define a complexity per unit time and unit 
volume. The strategy is the same as for the topological entropy. We first 
fix a precision e. We then consider the complexity per unit time of a coding 
of these trajectories in the window A using a covering by balls of radius at 



COMPLEXITY FOR EXTENDED DYNAMICAL SYSTEMS 



3 



most e. We then show that this quantity grows hke the volume and define a 
complexity per unit time and unit volume at a fixed precision, finally letting 
the precision become infinite. 

We will deal in the present paper with systems satisfying some hypothesis 
inspired by the known results on extended systems (for example, reaction- 
diffusion equations, models of convection etc., see [S]). In particular we will 
not assume that the attractor is compact but that it is translation invariant. 
We will also assume a space time invariant ergodic measure is given. In 
other words, our results apply to M x M actions satisfying the hypothesis 
given below. In particular, we assume that the semi-flow on the function 
space is a flow when restricted to the attractor of the system. This follows 
for example from the analyticity in time of the solutions of the evolution 
equations. The procedure described above differs with the more standard 
approach to the space time entropy which uses boxes of roughly the same 
size in the space and time direction. It is however more natural from the 
point of view of the deflnition of the attractors of such systems. 

In order to open the possibility of using other type of complexities, we 
have tried to isolate the properties we need without reference to a particular 
example, although the Kolmogorov complexity satisfies all the requirements. 
In order to simplify the proofs, we only discuss the case of one space dimen- 
sion, although most results extend easily to higher dimension. 

The paper is organised as follows. In section |21 we first state the required 
hypothesis on the dynamical system and on the complexity, and show that 
these hypothesis are satisfied by Kolmogorov complexity. We then state 
the main results. In section |31 we prove that under these hypothesis one can 
define a complexity per unit time and unit volume. This is done following the 
scheme briefly mentioned above of fixing first a finite precision and removing 
it only at the end. In section 0] we prove a variational principle which shows 
that in the concrete examples of extended systems studied up to now, the 
complexity we have defined is finite. In fact, we show that computing the 
supremum of the complexity for functions in the supports of the invariant 
measures of the system, one obtains the topological entropy defined in jSj. 

2. Settings and results 

Let .7-" be a set of real functions defined on M and consider the following 
actions on T: the space translation 

R 9 y ^ {Cyu){x) := u{x + y) 

and a flow of time evolution ipt : J- ^ defined for t G M. We assume that 
the two actions commute. 

We assume that the set J- is endowed with a translation invariant metric d 
and that there exists a probability measure fi on J^, such that /x is invariant 
and ergodic with respect to the {(, (p) action. 
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We make the following assumptions on the set T and the flow ip. Let us 
assume that for any interval A C M the set 

^Ia :={<?: A : 3 / G ^ with /|a = 5} 

is endowed with a metric d|A such that {J-',d) is the projective limit of 
(^|a,'^|a) as |A| —>■ 00. If for example T C C^(M), the set of real bounded 
continuous functions on M, and d is the sup-norm, then for every A C M we 
have d\\{gi,g2) = sup3..gA Idii^) ~ 92ix)\- We assume that for any interval 
A C M we have 

(Al) |A| < 00 =^ T\a is pre-compact 

By assumption (Al), for any e > and |A| < cxd we can define the set 

(2.1) Cj^ = {finite open coverings of J'^Ia with balls of radius < e} 

and we denote by an element of C^. Fixed two finite intervals Ai and A2 
with disjoint interiors let A be the union A := Ai U A2, then we assume that 
(A2) there exists an integer q depending only on the metric d such that, 
for any Uj^_^ £ C^^ and Uj^^ £ C^^ and two balls Bi £ Uj^^ and 
B2 € , either the intersection Bi n B2 is empty or can be covered 
by q balls of a covering Uj^ £ C^. 

The last assumption on the system is about the separation speed of two 
nearby functions with time. We assume that there are constants 7 > 0, 
r > 1 and C > such that, for any |A| < cxd and any e > satisfying 
diam{A) > 2Ce~^ and for any initial conditions /i and /2 in such that 
'^|a(/i,/2) < e, we have 

(A3) d\^\{d{x,dA)<Ce-i{t+i)}ift{fi),ft{f2)) <re'^*e 

for any t £ (0, C"^dmm(A)e) (cfr. >8J. 

Under these assumptions a notion of topological entropy for the flow 99 
has been defined in [S]. Let 
(2.2) 

NX{T) := max {card(S'A(T)) : S/^(T) is made of (A, T, e)-distinguishable orbits} 

where we say that / and g in J'^Ia have (A, T, e)-indistinguishable orbits up 
to time T and with resolution e if 

d\A{^t{f),M) <^ vtG(o,r) 

In 0, and [2Zj it is proved that 

(2.3) htop := lim lim lim ^"^^ ^a(^) 

exists and is finite under some additional assumptions, in fact it is bounded 
by jDup, where Dup is called the upper local dimension per unit length of 
the set .7^ in '8' or capacity per unit length in ]X7l ■ 

The aim of this paper is to introduce a measure of the complexity of the 
action of the flow ip onT which would be the analogous of the metric entropy 
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for dynamical systems. To this aim we need to define a notion of complexity. 
Our definition is inspired by the notion of Kolmogorov complexity (|18j). 

Let A* be the set of finite words on a finite alphabet A, and for a word 
s let us denote by |s| its length. We say that K : A* ^ M^, defined for 
any alphabet A, is a "good" complexity function if it satisfies the following 
hypothesis (H1)-(H4). 

The first hypothesis is about the behaviour of the complexity function on 
sub-words and a sub-additivity property. Let s = uv he the concatenation 
of two words u and v, then 

(Hl.a) K{u) < K{s) + logj 1^1 + const 

for a constant independent on s and u. Moreover let us assume that there 
exists a function h : N ^ M"^ satisfying lim„_»oo = such that 

(Hl.b) K{s) < K{u) + K{v) + h{\u\) + h{\v\) 

Let now and A2 be two different alphabets, with := card(^j). More- 
over let A be an alphabet with card(^) = qrir2 for some integer number 
g' > 1, and we assume that there exists a surjective map -k : A ^ Ai x A2-, 
with coordinate maps tti and 1^2 on Ai and A2-, respectively. Let s ^ A* 
and 7ri(s) G A* be its projections. Then 

(H2.a) K{T:i{s)) < K{s) + const 

(H2.b) K{s) < KiiTi^s)) + K{tt2{s)) + \s\ log^ q + const 

where the constants are independent on s. 

The third hypothesis is an estimate on K that comes from observations 
by Shannon for his definition of information content (|24|). Let E C A* 
be a recursively enumerable set (for a definition see for example J^), and 
for any n £ N let ■= {s G A* : (s, n) G E} be a set of finite cardinality. 
Then we assume that for all n S N it holds 

(H3) K{s) < log2(card(L„)) + log^ n + const s £ Ln 

where the constant only depends on the set E. 

Finally we ask for a relation between the bound of the complexity on a 
set of words and the cardinality of this set. We assume that 

(H4) card{s G A* : K{s) < c} < 2" Vc G R 

By using a "good" complexity function let us now define the complexity 
of the flow Lft . 

Consider a fixed probability measure fi which is invariant and ergodic for 
the action of (C, v)- Fo'^ ^ given e > and an interval A C M with |A| < 00, 
we consider on J^\\ the set of coverings C^. We will use such coverings to 
code the orbit of a function f £ J- under 93. To this aim, we introduce a time 
step r > and consider the orbits (/, frif), f2T{f), ■ ■ ■)■ By the method of 
symbolic dynamics we can associate to an orbit (v'jv(/))"=d ^ n-long 
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words tp{f,n,l{j^) on a finite alphabet A = A{l{j^) = {1, . . . , card(Z^^)}. If 
we denote Z//^ := |?7i, . . . , ?7card{w^)|i we define^ 

V^(/, n,Ul) := e A{Ul) : ^jr{f) G f/., V j = 0, . . . , n - l} 

In the same way we can define in the general case ip{fmTif),n' — rn,Uj^) as 
the set of possible symbolic representations of the orbit {fjT{f))^Zm- 
this point we can use a complexity function K to define 
(2.4) 

K{f,T,Ul,m,n) := mm {K{uli^^) : uj'^^ £ ^{<f^r{f),n - mMl)] 
To simplify notations, for m = we will write 

(2.5) K{f,TMhn).= mm{K{uj^~^) : u^-^ e ^l^if ,nMl)] 
We can define the asymptotic linear rate of increase in n by 

(2.6) KU,rMX):= Hn, ^iAll^ 

n^oo n 

To get rid of the dependence on the covering we define 

(2.7) KU,T,e,K):=mi{K{f,T,U'k) -.UleCl] 

The next step will be to study the asymptotic rate of increase in |A|. We 
restrict ourselves to a class of intervals defined as follows. 

Definition 2.1. A sequence of sets A = {A^}^ is called admissible if A^, = 
[afcjftfc] for two sequences {ofc}^ and {6^}^ satisfying at < bk for all /c > 1 
and 

(2.8) lim {bk - ak) = +oo 

fc^oo 

(2.9) la := liminf ^^7"^ , > 

(2.10) k ■■= liminf > 

Intuitively, this definition says that these sequences do not move too fast to 
the left or to the right. 

If A is an admissible sequence of sets, let us define 

(2.11) K^{f,T,e) := lim -— 

fe— +00 H'-fcl 

Given these definitions, we will prove that 

Theorem 2.2. For a given ergodic probability measure ^, if the complexity 
function K satisfies (HI) and (H2), the limits in \2. 6)) and \2.11\) exist 
almost surely and K{f,T,e) is almost surely equal to a constant K^(r, e) 



^Since the covering is made by open sets, the methods of symbolic dynamics give more 
than one word. 
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not depending on the admissible sequence A of sets. Moreover the function 
Kn(T,e) is not decreasing in e, hence the limit 



K,{t) ■.= lim K,{T,e) 



exists and moreover there exists a constant such that for all t > 

K„ 



T ^ 

Theorem 2.3. // the complexity function satisfies also (H3) and (H4), 

then 

sup {K^ : /i invariant probability measures} = htop 
where htop is defined in \2. 

Before giving the proofs of these theorems, we recall that for a finite word 
s G {0, 1}*, the Kolmogorov complexity or Algorithmic Information Content 
of s is defined as 

(2.12) C(s) := minllu-l : w G {0, 1}* , U{w) = s} 

where | • | denotes the length of a word, and [/ is a universal Turing machine. 
For more details we refer to jl8j . 

Theorem 2.4. The Kolmogorov complexity satisfies hypotheses (HI )-(H4 )■ 

Proof. We recall that the translation of a finite word from the binary 
alphabet to any other finite alphabet A requires only a constant amount 
of information content not dependent on the word. Hence we assume that 
these constants are included in the hypotheses (H1)-(H3). 

Hypothesis (HI) and (H2) follow from jJH], equation (2.2) and argu- 
ments used in section 2.1.2. 

Hypothesis (H3) is a corollary of Theorem 2.1.3 in |l8j. 

Hypothesis (H4) is Theorem 2.2.1 in [IB]. □ 

3. Proof of Theorem 12.21 

Let us consider any fixed probability measure fi which is invariant and 
ergodic for the action of {(, (p). 

The first part of the proof relies on the application of arguments related 
to the sub-additivity property to define the quantities in 1)2. 6|) and (|2.11|) . 

Let X = {Xra,n) be a family of real random variables with indexes m,n £ 
N. We recall that X is almost subadditive if there exists a family of random 
variables U = (Uj), with j £ N, defined on the same probability space of X 
such that 

fc-i 

j=l 

for all 1 < m < n and all partitions rn = ji < j2 < ■ ■ ■ < jk = n. In |^ the 
following result is proved 
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Theorem 3.1 ( j2,Sj ) . Let X and U be jointly stationary and let X be almost 
subadditive with respect to U. Assume that X^-^^ € L\_ and that there exists 
an increasing sequence of integers {rrik)]^ with mi > 1 such that 

(3.2) liminf — 0'"+'^fc > liminf — '^fJlh. almost surely 
for all n > 1 and 

(3.3) lim —UllL = almost surely 

k—foo rUk 

Then 

lim — ^l^IUh. = 2 exists almost surely 
k—*oo rrij^ 

with — cxD < X < cxD almost surely. 

We first apply this theorem to K{f, t,U^, n) as defined in (|2.5|) . identifying 
Xm,n with K{f,T,Uj^,m,n). Then, since for all u) G .4^ it holds K{ll)q) < 
const, we have 

K{f,TMl,l)=min{K{uJo) : ujq e i^ifAMX)} ^ 

Moreover by (HI. a) we have 

K{f, T, Ul, k) < K{f, T,Uh n + k) + log^ k + const 

for all n > 1 and all f ^ T , hence condition ()3.2() of the previous theorem 
is satisfied with = k. We now show the sub-additivity property with 
respect to a family of random variables. 

Lemma 3.2. For any fixed r > 0, e > 0, |A| < cxd and IA\ G C\, the 
family {K{f,T,L{j^,m,n))m,n is almost subadditive with respect to the family 
of functions h = h(j) defined in (Hl.h). 

Proof. Without loss of generality we can assume m = because of station- 
arity. Let us fix a function f ^ T. For all Wq""^ E il){f,n,U^) by (Hl.b) we 
have 

fc-i 

K(u;ri) < ^(i^(^j:-^^) + Mim - i.)) 

i=l 

for any partition = ji < j2 < • • • < jk = n — 1. Fixed any such partition, 
let u)''/^^ A = 1,...,A; — 1, be a collection of finite words such that 

Ji 

K{f,TMhh,k+i)=K{u:';;') 



Then, if we denote by uJq ^ the concatenation 



,-,"-1 n^^ n^i^ 

it holds 

k-l 

Y,{Kiof;') + h{j,+i - j,)) > K{u,^S'') > K{f,T,UA,n) 

i=l 
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hence the sub-additivity property is proved. □ 

Since condition (|3.3j) is verified by the function h{n) and the probability 
measure fi is invariant, we can apply Theorem 13. II to obtain that the limit 
K{f,T,l{j^) exists and is finite /i almost surely. Let us denote by C a 

set with /^((l^Je = on which the limit exists. Then we define 



lim ^SiMdlf!! [ifeY- 

(3.4) K{f,T,Ul)---- [ 

+00 otherwise 
We can then prove 

Lemma 3.3. There exists a set Y^^ C J- with iJ,{{YJ'j^y) = such that 

Kif,T,e,A) ■.= \ni{K{f,TMl) : ^a G C^} 
is well defined and finite for all f £ Y^^. Moreover there exists a sequence 
{Vs}s of coverings in C\ such that 

(3.5) lim K(/,r,V,) = i^(/,T,e,A) V / e F,^ 

and the sequence {i^(/, r, Vs)}s is non-increasing for all f £ Y^^. 

Proof. We first restrict to a countable set of coverings C C^. Let 
G = {gj} C he a countable set dense in and define as the set of 
finite open coverings 

(3.6) 2?^ := {V\ £ C\ : the centers are in G and radii are rational} 
Restricting to coverings G T)\ we can define 

(3.7) K(/,r,e,A) :=inf{/^(/,r,VX) : G P^} 
on the set Y^y^ C with ^i{{Yl^f^Y) = defined by 

We now show that K{f^ r, e, A) is equal to K{f, r, e, A) on Y^^. To this aim 
it is enough to prove that for any Wj^ G there exists G 2?^ such that 

(3.8) K{f,Tyi)<K{f,TMA) 
Indeed from this and 1)3. 4|1 . on Y^^^ we have that 

K(/,T,e,A) <i^(/,T,e,A) 

and the other inequality is obtained by using V\ C C\. 

Let us now prove 1)3. 8(1 . Let Wj^ = {C/i, . . . , Uc} be a covering in C\ with 
c = card(i^^), and define r = max {r{Uj) : j = 1, . . . ,c} < e where r{Uj) is 
the radius of the ball Bj. Then by density of the set of functions G in J-\a, 
we can find a covering G with balls {Vj}j^^ ^ such that Uj C Vj 
for all j = 1, . . . , c. Indeed it is enough to choose balls Vj with centres in 
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functions of the set G at distances less than from the centres of the baUs 

For this choice of coverings for all n > 1 it holds 

^{f,nMl)(^i^{f,n,Vl) 
hence from (|2.5j) and (|3.4|) it follows that for all / G Y^^^ 

n— >oo 77, n^oo 77, 

We now prove the second part of the assertion. Let us consider an enu- 
meration of the coverings in = then we define 

where, for two finite open coverings U and V, by Z// A V we denote the finite 
open covering which contains all the balls of U and V. By definition, it is 
clear that G for all s > 1. Moreover, since Vg contains all the balls of 
the coverings Vi, . . . ,Vs, we have that, modulo a renumbering of the balls 
of Vs, ^1 ^j) C V'l/) ^s) for all j = 1, . . . , s and all j ^ T . Hence for 
ah j = l,...,s 

K{f, T, V„ n) < K{f, r, V,-, n) + const V / G 

where the constant is independent on the length n of the symbolic words. 
Dividing by n and taking the limit as n — > oo, we obtain for all / G 

i<:(/,r,e,A) < hminf ir(/,r,V,) < limsup i^(/,r,V,) < i^(/,r,e,A) 

where the first two inequalities come from the definition of upper and lower 
limit. Hence (|3.5|) is proved. 

By the same argument as above, it is immediate to verify that for all 
f £ J- the sequence {K{f,T,Vs)}s is non-increasing. Hence the lemma is 
proved. □ 



The next step is to show the existence of the limit in (|2.1H) for an admis- 
sible sequence of intervals to define K{f, r, e). We need the following general 
lemma 

Lemma 3.4. Let T : {X, v) {X, v) he a measure preserving invertible 
transformation of a probability space {X, i') . Let i? and ^ he two real functions 
on X in the space L^{X, v) and let ^(x) > for all x £ X. Then there exists 
a set Y C X with i'{Y'^) = such that for any sequences {ofc}^ and 
of integers satisfying conditions \2.(^) - \2.1U\) we have 

(3.9) d{x) := lim V ^{T^ {x)) 

j=a.k 
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exists, is finite for all x ^ Y and it is in L^{X, u). Moreover it satisfies 



(3.10) / ^{x)du= / ^{x)du 

Jx Jx 

For the function ^ we have 

(3.11) lim iJI^^o 

k^oo Ok — flfc 

for all x €Y. 

This result is in the spirit of results in ^H] and ^Ej, where it is proved 
that we cannot ask for weaker conditions on the sequences {ak}^ and {bk}^- 
However we could not relate directly our lemma to their results, hence in 
the appendix we give a proof. 

We will use this lemma for the space translation action to show that 
there exists a set Y"/ C with fJ^{{Y^y) = 0, such that the limit along any 
admissible sequence of intervals A = {A^} 

lim 

k^oo |Afc| 

exists and is finite for all / G YJ' . The ergodicity of the measure ^ will imply 
that this limit is independent on / and it is a constant K^{T,e). Moreover 
from the proof it will follow that the limit does not depend on the admissible 
sequence A of sets, indeed it will be given by 1)3. 13(1 . 

We will study separately the superior and the inferior limits. For the 
superior limit we use the functions K{f, r, e, [0,p]) for p £N. We first prove 
that we can apply Theorem 13.11 to this sequence of functions. We start by 
verifying that K{f, r, e, [0, 1]) G L^. For any Vjq G and the associated 

alphabet A, we can write 

K{f, T, Vfq i\,n) < n (max K{a) + const) 
hence for all / G ^[o,i] 

(3.12) K(/,r,e, [0,1]) < inf i max K(a) : V[o G Pfg I + const 

["^•^("•^[0,1]) ' ' J 

Assumption (Al) implies that K(/, r, e, [0,1]) G . Note that the bound 
depends only on the length of the interval A = [0, 1]. 

Let Al and A2 be two fixed intervals with disjoint interiors and denote 
their union A := Ai U A2, let C C\ be the set of coverings of J^\\ built 
as in (A2) by two coverings Wj^^ G C\_^ and Uj^^ G C^^- -^o^ any Uj^ G C\ we 
can write, by using (H2.a) 

K(/,r, T:i{UX),n) ^ K{f, T,UX,n) |A| ^ const 
n [All ~ n |A| |Ai| n |Ai| 

where 7ri(Z^^) denotes the "projection" of the covering onto C^^. 
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Applying this argument with Ai = [0,p] and A2 = [p, m+p] for all m > 1, 
and by taking the limit as n ^ 00 and the infimum limit on |Ai| = p ^ 00, 
we obtain condition (|3.2j) for any fixed IA2I = m. 

Lemma 3.5. For any fixed e > and t > 0, the family {K{f,T,e, [0,p]))peN 
is almost subadditive with respect to the constant function u(|A|) = log^q, 
where q is the constant defined in (A2). 

Proof. Let us consider two disjoint intervals Ai = [a, b] and A2 = [b, c] and 
the union A = [a, c]. Let us fix a function f ^ T and let Wq"^ ^ i'^I ^ f^MX) 
for a covering Z//^ E C^. By (H2.b) we have 

i^(w^-i) < /C(7ri(LD^-i)) + K(7r2(cD^-^)) + nlog^ q + const 

since the map vr = (vri,7r2) is surjective. Then by the same argument as in 

Lemma 13.21 we have for all f G Yf,^ n Yu^ n Yu^ 
"a Ai '^A2 

K{f,T,Ul,n) <K{f,T, ,n)+K{f,T,UA„n)+n log^ q + const 

for Uj^ = iTi(Uj^). Then we divide by n and take the limit as n ^ 00. These 
limits exist as proved above, and we get 

Kif, tMX)< K{f, T, Ul)+Kif, T, Ul^ ) + log, q 

for all coverings lAf^, G C^. and the special covering G built from the 
two. For any fixed ^ > let us choose two coverings hlp^_ satisfying 

K{f,TMi;)<K{f,T,e,K) + 5 

then 

K{f, r, e, Al) + K{f, r, e, A2) + 25 + log, q > K{f, t, Ul) > K{f, t, e, A) 
and sub-additivity is proved since it holds for all 5 > 0. □ 

Since ti(|A|) = log, q obviously satisfies condition 1)3. 3|) . we have that there 
exist a set Y"/ C T with ^{{Y^y) = on which K{f,T,e, [0,p]) is defined 
for all p gN, and the limit 

fo 1Q^ r K{f,T,e, [0,p]) 

(3.13) hm =:K^{f,T,e) 

p^oo p 

exists, is finite almost surely and it is in L}{J^,h). Moreover the limit holds 
also in and we denote 

(3.14) K^{T,e):= 1^ K^{f,T,e) dfi 

We remark that if the measure fi is ergodic then K^{f, r, e) is almost surely 
constant and equal to if ^ (r, e) . 

Following the notation of Lemma l3.41 we denote 

(3.15) if(/,r,e,[0,p]):= lim K{(,pf,T,e,[0,p]) 

j=0 
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where it exists. Then we prove the fohowing lemma 

Lemma 3.6. For any fixed r and e, there exists a set Y[ with fj,({Y^y) = 
such that for all f G and any admissible sequence of intervals A = {A^}, 
it holds 

K{f,T,e,Ak) . , K{f,T,e,[0,p]) 
limsup —r — j < limmi 

k-,oo |Afc| p-^oo p 

If moreover the measure fi is ergodic then 

limsup -— < K^{T,e) 

Proof. Let us consider an admissible sequence of intervals with integer 
boundary points. For a fixed integer p e N, we can use the sub-additivity 
property (H2.b) as in Lemma lH.5l to show that for all / G YJ' we have, by 
setting [^J =: h and [f\ + 1 =: dfc, 

K{f, [ok, bk]) < Z%t i^(f' [JP' + + l°g2 1) + 
+K{f, [ok, dkp]) + K{f, [bkP, bk]) + 2 log^ q 

where the dependence on r and e has been ignored to simplify notations. 
First of all, by repeating the same argument we used to prove (|3.12|) . we 
can prove that there exists a constant depending only on p, see remark after 
p. 12(1 . that is a bound from above for K{f, [ak,akp]) and K{f, [bkP, bk]) for 
all / G Y^. Moreover we can write 

Kif,[jp, ij + l)p]) = KiQpf, [0,p]) 

hence 

Kif,[ak,bk]) ^ 1 i^^i^ f , ^-^ , const 



(K(Cip/,[o,p])+iog^g) + 



Ok — 0-k t>k — fflfc ^ Ok — Cfc 

3=ak 

We now apply Lemma 13.41 to the action of the space translation C and with 
K(f, [0,p]) having the role of the function i?. Let Yp C J- he the full 
measure set given for K{f, [0,p]) by Lemma ITU then we conclude by 1)3. 9() 
that for all f ^Y^ := Y^ n (Hpl^), we have 

K{f,[auM) ^ K{f,[0,p]) , log^g 

hm sup ; < 1 — 

fc^oo bk - Ok p p 

for all p G N. Hence we obtain the first part of the assertion. 

The second part follows by first applying Lemma 13.41 to an ergodic mea- 
sure, from which we get that for all p G N 

Kif,[0,p])= [ Kif,[0,p]) df, 
Jx 

almost surely. Then we use (|3.13j) and (|3.14j) to conclude. 
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The result for the sequences {afcjfc and {bk}i^ follows by writing 
K{f, [ak, bk]) < K{f, [ak, [a^J + 1]) + K{f, [[ak\ + 1, L^feJ]) + 

+K{f,[[bk\,bk]) + 3log^q 
and reducing to the above argument. □ 

To prove a similar result for the inferior limit we use the following result 
proved in JTj 

Theorem 3.7 (TT). Let T : {X,iy) iX,^) be a measure preserving in- 
vertible transformation of a probability space (X, v) . Let {/3n}„ be a sequence 
of integrable real functions on X such that 

(3.16) inf — / I3n{x) dv{x) > —oo 

n n Jx 

and for all n, k 

(3.17) /3„+fe(x) - /3„(x) - /3fc(T"(x)) < hk{T^{x)) 

for a sequence of functions {/ifcl^ satisfying /i^ > and J-^h^di' < const. 
Then there exists a function G L^{X, v) such that 

(3.18) / ^{x) du = lim - / pn{x) du 
Jx "^"^ n Jx 

and a function ^ € L^{X, v) such that > and 

rt-l 

(3.19) ^iT^{x))<Pn{x)+aT^{x)) 

j=0 

for almost all x & X and all n € N. 

Lemma 3.8. Under the hypothesis of ergodicity for the probability measure 
fj, on J- , for any fixed r and e, there exists a set Y_l with fJ'{(Y_iy) = such 
that for all f £ Y_l and any admissible sequence of intervals A = {A^}, it 
holds 

K{f, r, e,Afc) 

fc^OO A{- 



hmmf > Kf,{T,e) 



Proof. Let us consider first the case of sequences {a^} and {bk} of integers. 
We apply Theorem 13.71 to the sequence Pp{f) := K{f, r, e, [0,p]) for / G YJ' 
and p E N. Indeed condition 1)3. 16() is easily verified since K{f,[0,p]) is 
non- negative^, and condition (|3.17|) is the subadditive property we proved 
in Lemma 13.51 Hence there exists a full measure set Y{S^,'d) C on which 
1)3. 19(1 is verified for two given functions and ^. Moreover from (|3.13|) and 
(|3.14|) . for an ergodic measure we have that 



^ ^if) df, = K^{T,e) 



^To simplify notations we neglect the dependence on r and e. 
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Now let us define the set 

since is (^-invariant it holds /i((y^(^, i?))'^) = 0. On we can write 

K{f, [ak,bk]) = K{CaJ, [0,bk-ak]) 

and, using 1)3. 19|) . 

bf^—af^ — 1 

^ ^iQ+aM))<Kif,[ak,bk]) + m,if)) 

At this point we apply Lemma 13.41 to ?? and ^, and we obtain using the 
ergodicity of the measure /i 

K,ir, e) = lim -±- < liminf W^h^ 

for almost all f £ J-. Let us call this full measure set Y_l. 

As in Lemma [3.61 the general case for real sequences {a^} and {b^} follows 

by 

K{f, [at, bk]) > K{f, [[ak\ , [bk\ + 1]) - K{f, [[ak\ , a^]) - 
+K{f, [6fe,L6fcJ +l])-31og^g 

The lemma is proved. □ 

Putting together Lemmas 13.61 and 13.81 we have that, for any fixed r and 
e, there exists a set YJ' := nYl C with nHY^^Y) = 0, such that for all 
/ G the limit 

exists and is finite for all admissible sequence of intervals A = {A^}. More- 
over, for an ergo die measure ^, for all / G YJ' and any admissible sequence 
of intervals A, it is equal to the constant Kfj_{T,e) defined in 1)3.14(1 . Hence 
the limit in ()2.11|) exists. 

To finish the proof of Theorem 12.21 we first have to prove that i^^(r, e) 
is non decreasing in e. Let ei < 62, then according to the above arguments, 
we can define K[f, r, ei. A) and K{f^ r, €2; A) for all |A| < 00 as in (|2.7j) and 
all / G n Y[^ . Moreover, since C^^ C we have Y^^^^ C Y^^ j^ and 

i^(/,r,e2,A) <i^(/,T,ei,A) 

Restricting to A = [a^^bk] with < bj. for all > 1 and satisfying (|2.8|) - 
1(2. 1U() . dividing by |A| = {bj. — a^) and taking the limit as in (|2.11|) gives 
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on the set C YJ^^ . Let us now consider a monotonicahy vanishing sequence 
{^k}k ^ ^'^'i define 

■= n K 

k>l 

Then /x((y^)'^) = and K^{T,e) is finite on for all e > and non- 
decreasing on e. Hence we can define 

on the full measure set of functions V^. In Theorem 12.31 we prove that it is 
finite for complexity functions satisfying also (H3) and (H4). 

K (t) 

Now it remains to prove that '^^ does not depend on r. We will use 
assumption (A3). 

Lemma 3.9. The full measure set Y := Y'^ does not depend on t, and there 
exists a constant such that ^^^'^^ = on Y for all t > 0. 

Proof. Let us fix constants 7,r,C as in (A3), an interval |A| < oo, e > 
and a time step r G (0, C~^diam{A)e). Then for all r' > we denote 

e' ■= Ve'^e 
A' := A\{d{x,dA) <Ce-\T + l)] 

Moreover, given a covering £ C^, we consider the covering Lt^, € Cf^, 
which has balls with the same centres as those in lA'j^ and radius increased 
by a factor Te^'^ . By assumption (A3), for any function f € !F, we can build 
a symbolic orbit u)q ~^ G ip{f,n',Lij^,) by using the information contained in 
a symbolic orbit uJq~^ G ip{f,n,l/(j^), with n = n'^ by defining 

uiji = ujj with j = 

hence 

(3.20) K{luI;'-^) < K{uj^-^) + n'- + const 

with a constant dependent only on the complexity function, and the term 
n'— that contains the information we need each time that the difference 

T 

between j and j' increases of one unit. 

Let now Wg ^^ be the symbolic orbit on which the minimum for the func- 
tion K{f,T,l{^,n) is attained. Then by (|3.20|) we have 

K{f,T',Ui,,n) < K{u}i;'-^) < K{f,TMhri)+n'^+ const 
and dividing by n and taking the limit for n ^ oo we have 

(3 21) KU.r'Mj,) ^ K{f,T,Ul) ^ 1 

t' t t 
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for all / G Y'^DY'^' . At this point, let us fix a 5 > and let Uj^ be a covering 
such that 

K{f,T,UA) <K{f,T,e,A) + 5 
then using the induced covering Ul, and (Hmi) we have 

Kif,T',e',A') K{f,T'Mi) Kif,T,e,A) + 5 + l 
^ ' t'\A\ - t'\A\ t\A\ 

for all A = [ofc, bk] as in (|2?8|) - (|2.inj) . Then the limit for | A| oo gives 

t' t 

on n Y'^' , where we have used ^ 1 as |A| ^ oo, and we have 
suppressed the dependence on the function / because of the ergodicity of 
the measure fi. 

The final step is the limit for e, and since e' — > as e ^ we have 

r' r 

on n Y^' = Y^. 

Repeating the argument interchanging the roles of r and r', the lemma 
is proved. □ 

Hence Theorem 12.21 is proved. 

4. Proof of Theorem 12.31 

Since we proved that ^^Ji^ = K^^ for all r > 0, in this proof we can fix 
r = 1 for simplicity of notation and drop it from formulas. 
The first inequality 

(4.1) sup{K^ : n invariant probability measures} < /itop 

follows by showing that for any ((^, (/3)-invariant probability measure ^, and 
for any fixed e > and any finite interval A it holds 

log,(<^(T)) 



(4.2) / i^(/,e,A) hm 



where the right hand side is defined as in (|2.3() . Indeed 1)4. 2|) implies (|4.1() 
just dividing by |A|, and using the convergence proved in Theorem 12.21 
for the limits as |A| — > oo and e — > 0. 

To prove 1)4. 2() . since for any f £ T it holds K{f, e, A) < K{f,h(j^) for any 
covering ^ C^, it is enough to prove the following lemma 

Lemma 4.1. There exists a covering £ such that 



(4.3) / K{f,Ul) dfi < lim 

J j: n—>oo 



n 
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Proof. Let us consider a covering Z//^ G with balls of radius |, and a 
new covering Z^^ with balls with the same centres as before and radius ^. 

We recall that the Lebesgue number lemma states that for a finite open 
covering of a compact metric space, there is a finite number 7 > such that 
the 7-neighbourhood of any point is contained in at least one open set of 
the covering. The number 7 is called the Lebesgue number of the covering. 
Since !F\\ is a metric compact set, the covering U\ has a finite Lebesgue 
number, and by its construction we conclude that its Lebesgue number is 
not less than |. 

The idea of the proof is to use (H3), hence we need to count all possible 
symbolic orbits. For all n let us consider a minimal (n, |)-spanning set 
|) for !F\k-, that is for any f ^ !F there exists g G S(n, |) such that 

d\lv{Vk{f),<^k{9)) <^ V /c = 0, . . . ,n - 1 

For any g G S(n, |) let us denote hy Rg <Z !F the set of functions f & !F 
which are |-spanned by g. We can make {Rg}g a partition of just by 
choosing for each f & J- only one function spanning it. 

For any function g £ S(n, |) we can consider the sequence of balls 
[B{ipk{g), with k = 0, . . . ,n — I. At the same time, by our result 
on the Lebesgue number of Uj^, we can associate to each such sequence of 
balls a symbolic orbit ujQ~^{g) G 'ip{g,n,L{^). Then we have 

(4.4) / ^^^^^d^^<^ E Kiu-o-\9)) f^iR,) 

Let us now consider for the alphabet A= {l, • • • ,card(Z^^)|, the set 
^:=U U K"'(5),n)C^*xN 

neN geS{n,f) 

It is a recursively enumerable set, hence we can apply hypothesis (H3) 
getting 

(4.5) K{uj^-\g)) < log^ (ct (n, + log^ n + const 

where a (n, |) := card(S (n, |)). Since this estimate is uniform on g, ap- 
plying it to (|4.4I) we get 

(46) [ EW^d < {<y{n,\))+\og,n + const) 

Jjr n ~ n 

since Y^g ^Rg) = 1- 

To finish the proof of the lemma we use the inequality 

a (n, < Nf{n) 

which is well known in ergo die theory, see for example ^U]. □ 
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Let us now prove the other inequahty. For any fixed e > 0, from the 
definition of topological entropy (|2.3j) we define^ 



(4.7) ft.(.):=lim '°^»^^<»' 



n 



(4.8) h{e):= lim ^^^'^ 



\A\^^ |A| 

The quantity h{e) is non-decreasing in e and its limit as e ^ is htop- With 
respect to the quantities defined above, given any fixed 6 > there exist 
eo > 0, Ao(e) > and no(e, A) > such that 

(4.9) htop < h{e) < htop V e < eo 

(4.10) ih{e) - 6)\A\ < hA{e) < {h{e) + 6)\A\ V |A| > Ao(e) 

(4.11) 2"(^'^(^)-^l^l) < NX{n) < 2«('^a(^)+<5|A|) y n > no(e, A) 

We first state a lemma we need in the following 

Lemma 4.2. Let us consider a fixed e > and a finite interval A. If {pj}j 
is a sequence of probability measure on T , invariant with respect to the 
time evolution ipi, then there exists a sub-sequence {jh}h such that {pj^}fi is 
weakly convergent to a probability measure p, invariant with respect to ipi, 
and 

limsup / K{f,e,A) dpj^< / K{f,e,A)dp 

h-*oo JT JT 

Proof. The existence of the </?i -invariant probability measure p follows by 
the compactness of the space T\t^. For simplicity of notations, let us assume 
that is weakly convergent to p. 

By the monotonicity of the sequence {i^(/, Vs)}^ proved in Lemma EH 
we have 

(4.12) / K{f,e, A) dp, = lim [ K{f,V,)dpj 

for all J G N and also for the (/Ji-invariant measure p. By the sub-additive 

ergodic theorem in L} it holds 

(4.13) 

KU,V,)dp,= lim / '^^l^^dp,= inf / "^^l^^dp, 



"^We recall that we consider fixed r = 1. 
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for all s G N. Moreover, for each fixed n G N, the function / i— > K{f,Vs,n) 
is upper semi-continuous, hence using weak convergence of pj we get for all 
s E N (see for example P) 
(4.14) 

n— >oo J-p n n—*oo J TL J -p 

where for the last equality we have used (|4.13jl for the (/?i-invariant mea- 
sure p. The assertion follows by putting together ()4.13|) and (|4.14p . and by 
applying (|4.12|) to both sides. □ 

Lemma 4.3. Given any 5 > 0, there exists eo > such that for any e < €q 
there exists Ao(e) > such that for any finite interval |A| > Ao(e) it holds: 
there exists a probability measure p\ on T , invariant with respect to the time 
evolution ipi, such that 



^ ^ K{f,e/2,A) dpi > hop -4.6 



|A| 

Proof. For any fixed 5 > let us consider eo > as defined for (|4.9|) . and 
let us fix e < eo- Referring to ()2.2|) . for any finite interval A let us denote 

by Sl{n) := {fj}j^i the functions of a maximal set of (A, n, e)-different 
orbits. On this set we consider the sequence of probability measures on 
given by 

("■15) "^-'iVjR S 

where 6. denotes the usual Dirac mass. Hence by definition of the set S'^(n), 
for any open covering li^"^ G C*^/"^ we have 



|A| n ^^'^ |A| Nlin) 

We now use hypothesis (H4). For any given 5 > we have 
(4.17) 

card{/ G S%{n) : K{f,U'/\n) < n\A\{h{e) - 35)} < 2"l^l('^(^)-3^) 
Putting together (|4.16() and 1)4. 17() we obtain 

(4 18) J- / ^^Mfl^dul > (^A(n)-2"l^l('(^)-''^)(Me)-35) 



|A| n Nlin) 

For any fixed m S N let us write n = tm + r with < r < m. Using 
the sub-additivity property for the family of functions {K{f,l/(^'^,m,n))m,n 
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proved in Lemma 2| we write for any f ^ T 
(4.19) 

K{fMf,n) < Z%1 K{^i{f),uf,jm, (j + l)m) + 

+K{f,U'^\l) + K{f,U'/'^,{t-l)m + l,n)+th{m) 

for all / = 0, . . . , m — 1, where h{-) is the function defined in (Hl.b). More- 
over for all J = 0, . . . , f — 2 and all / = 0, . . . , m — 1, it holds 

K{ipiif),uf,jm, (j + l)m) di^l^ = / K{f,uf,m) d{ip^^ 

and for all / G the uniform estimate 

K{f,uT^ + K{fMT^ - 1)"^ + l,n)< 2m\og^{caid{U)l'^)) + const 
holds. Hence letting 

^ m-l / ^ t-2 \ ^ (t-l)m-l 

t'Xn ■■=-11 E ^l+jm^kn = J^ZT^)^ E "P^ln 

1=0 \ j=0 I 

we obtain 
(4.20) 

K{fMf,n) ^ (t-l)m f K{f,uf,m) , , thjm) + o{n) 
■f n ' tm + r J-f m ' tm + r 

Let ii\ be an accumulation point for the sequence of probability measures 
{^An}" given by Lemma f4.2l It follows that ^\ is a probability measure 
on T which is invariant for the time action ipi . Using (|4.20() and the upper 
semi-continuity of the function / K{f,U^'^ ,111) for all m G N, we have 

K{f,uf,n) , , ^ f K{f,uf,m) ^ , , him) 



A 



(4.21) U,n=up / "^f-"': -">a.X„< I BMT^i, 

n->oo Jjr n ' Jjr m 

for all m G N. 

Let now Ao(e) > and no(e,A) > be defined as in (|4.1()|) and (|4.11j) . 
Then from (|4.18|) we have that if |A| > Aq and n > no it holds 

^ 1^ Kif,uf,n) ^ _ ^^^^^ _ 

Hence for all m G N, if e < eo and |A| > Ao(e) we have 

(4.22) / ^^MA!2^d,l + ^>ih,^,-,5m 
J jr m m 

for all coverings U^'^ G C^/'^, where we have used (|4.9|) . By the sub-additive 
ergodic theorem in we have that 

lim / ^^^i^^^d,l=f KifMf)dA 



Hop - 4(5 
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where K{f\U^^'^) is defined as in ^6A\ . Hence, since h{m) = o{m), from 
H4.22() we liave that given any 6 > there exists eo > such that for any 
e < eo there exists Ao(e) > such that for any |A| > Aq it holds 

(4.23) ^ K{f,uf) dfil > {htop - 4(5) I A| 

for any finite open covering Uj^'^ G C^''^ . To finish the proof of the lemma, 
we use the sequence of coverings {Vs}s defined in Lemma 13.31 to obtain 

(4.24) / K(/,e/2,A) = lim / K(/,V.) dfi^ > {hop - 4.6)\A\ 
J:f "^"^ J:f 

where the last inequality is given by 1)4. 23() . □ 

Lemma 4.4. For any given 6 > there exists eo > such that for any 
€ < cq it holds: there exists a probability measure on T , invariant with 
respect to the (CiiV'i) action such that 

Kp4e/2) := Kp.{f,e/2) dp'>K 

Proof. Li Theorem 12.21 we proved that Kpt{e), as defined in 1)3. 14() . is not 

dependent on the admissible sequence A of intervals. Hence we will restrict 
to the family of intervals A = {[0,p]}p for p G N. For a fixed (7 G N, writing 
p = tq + r with < r < q and using the sub-additivity property proved in 
Lemma 13.51 we have for all / G 
(4.25) 

K{f,e/2,[0,p])< ZT=l K{Ci{f),e/2,[jq,{j + l)q]) + 

+K{f, e/2, [0, /]) + K{f, e/2, [{t - l)q + l,p]) + t log, q 

for ain = 0, ... ,g - 1 , whe re K{f,€/2, [0,1]) and K{f,e/2, [{t - l)q + l,p]) 
are 0{q) as shown in (|3.12|) . Fixed an e < eo, for all p > Ao(e), where Ao(e) 
is given as in 1)4.10(1 and in Lemma 14.31 we denote by Pp the (/^i -invariant 
probability measure associated to [0,p]. For all p > Ao we write using H4.25() 

(4.26) 

mfJO,P]) d^e^ f y ^(0(/),fJig, (J + I)g]) ^ tlog,g + o(p) 

for all / = 0, . . . ,q—l. Moreover for all j = 0, . . . , t — 2 and all / = 0, . . . ,q—l 
it holds 

(4.27) ^ KiCiif), e/2, [jq, {j + l)q]) dp^ = K{f, e/2, [0, q]) diC^^^p;) 
hence we define 

I q-i / I t-2 \ {t-i)9-i 

(4.28) p; := - E E cu,.^4 = 7^ E 

^ 1=0 \ j=0 I ^ i=0 
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and obtain, using Lemma and (|4.2()j) 

,4,29) H.„-46<^^f BIlhMl + + 

tq + r Jjr q ^ tq + r 

We now apply LemmaUHto the sequence of measures {pp} , and we obtain 
a probability measure /o"^, invariant with respect to the (Ci, action, which 
satisfies 

(4.30) , 

for all g G N. Letting g — > oo we have 

(4.31) Kp.{e/2)>htop-46 

by using the definition of Kpt(e/2) as given in (|3.13|) and (|3.14l) . □ 

In Theorem 12 . 21 we have proved that K^{e) is non-decreasing in e for any 
probability invariant measure p. Hence, from Lemma l4.4| we obtain that 
for all e < eo((5) it holds 

(4.32) Kp. > Kp. (e') > htop - 45 V e' < | 

where we recall that p'' are probability measure invariant with respect to the 
(Ci, y^i) action. To finish the proof of the theorem, we only need to construct 
a probability measure satisfying (|4.32j) . which is invariant with respect to 
space translation and time evolution for all (x, t) E M x M. 

Let us choose a fixed e < eq and denote p := p'^. The probability measure 

(4.33) v:= C C C{v*_^P)dtdx 

Jo Jo 

is invariant with respect to space translation and time evolution for all 
{x,t) G M X M by definition. We now prove 

Lemma 4.5. The probability measure v defined in \J^-S'J^ satisfies 

(4.34) > htop - 4.5 

Proof. It is enough to prove that for e' small enough it holds 

(4.35) K,{e') > htop - 4(5 

For all p G N let us write 
(4.36) 



ly^ P Jo Jo \Jj^ P 

and for the moment consider (x, t) fixed. The first step is to write 

K{f,e', [0,p]) d(C(^!,p)) = K{CM),e', [0,p]) d{^*_^p) 

(4.37) 

= K{f,e\[x,p + x]) d{ip\p) 
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By using the sub-additivity property proved in Lemma EISl we write 

^ K{f,e',[0,p + 1]) d{^*_^p)< 1^ K{f,e',[x,p + x]) d{ip*_^p) + o{p) 

where the term o{p) contains the constant 2 log^ q, and the integral of the 
terms K{f, e' , [0, x]) and K{f, e', [p+x,p+l]) which are bounded as in ()3.12|) . 
Hence 
(4.38) 

f Kif,e',[0,p + 1]) f Kif,e',[x,p + x]) , 
lim / aiif p) < limmi / aiip p) 

p^oojj, p p-*oo Jjr p 

where on the left hand side we know that the limit exists because <f*_^p is 
(Cii We now want to estimate the left hand side. Let us start 

by writing 

Kif,e',[0,p])diip*_^p)= [ K{ip_,if),e',[0,p])dp = 
= hm lim / dp 

s— +00 n^oo J n 

where we used the sequence of open coverings {Vs} in C^q p] defined in Lemma 
13.31 By definition of K{{p_^(f),Vs,n) we look at the complexity of the 
symbolic words in (/), n, Vs) (see ()2.5() ). Hence we have 

(4.39) K{^^,{f),Vs,n) = K{f,^t{Vs),n) 

where (pt{Vs) is a covering of .^|[o,p]- Indeed, iov g £ there exists Vj £ Vs 

such that (p_tig) G Vj, because (p is invertible. Hence g G ftiVj) G Vt{Vs)- 
Moreover, by assumption (A3), we have that there are constants 7 > 0, 
r > 1 and C > such that for p > 2C(e')"^ if c^|[o,p](/i, /2) < e' then 

d\[2Cie')-\p-2Cie')-'>^]{fl, f2) < Tc'^E 

This implies that for any t G [0,1], the covering •^tiy's) is a covering of 
^\[2C{t')-^ ,p-2C{t')-^] each of its set is contained in a ball of radius rj = 
Te^^e' . Hence there exists a covering Ug € (^2.c{€')-'^ p-2C(e')-i] ^^^^ thai 

(4.40) K{f,^t{Vs),n)>K{fMs,n) 

for all / G and all n e N. By using (|0^ and (|nni) we get for all s G N 

n^oo J jr n n^oo J jr n 

> J^K{f,rj, [2Cie')-\p- 2C{eT']) dp 
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hence 

lim i<ifdfEm > 

(4.41) 

- p^J^ P p+l~4C{e')~^ - ^py^> 

At this point, we would put together (|4.;-i7j) . (|4.:-{8|) and (|4.41|) . and use 
Lemma 13.61 to get 

The assertion would then follow by choosing e' small enough to have ?7 < f 
and use 1)4. 32() . The only problem to this argument is that we have tacitly 
assumed that it is possible to exchange the order of limit in p and integrations 
in {x^t) in 1)4. 36() . However, since by Lemma 13.51 we have 

^^^'"''^"'^^^ < K{f, e', [0, 1]) + log, q < const 
p 

for all f £ we can integrate with respect to Qi^-tP) apply Lebesgue 
dominated convergence theorem. □ 



Hence Theorem 12.31 is proved. 

Appendix A. Proof of Lemma EH 
Let us denote as usual 

n-l 

(A.l) {SMx):=^^{T^x)) 

j=0 

From Birkhoff ergodic theorem we have that there exists a set Yi C X with 
z/(Y]^) = such that for any diverging sequence {nk)k C Z it holds 

(A.2) d{x) := lim ^'^""'^j^'^^ = lim ^ V ^{T^{x)) 

exists, is finite for all x G Yi and it is in L^{X,v). Moreover ^ satisfies 
(l3Tnj) . Let Yi be such that the same holds for 

To prove (|3.9|) . given any sequence of integers {a/clfc and {bk}^^ as in the 
hypothesis, we write for all x £Yi 

(A.3) -^y\{T^{x)) = - ^^"-^^^"^ 

Ok - CLk ^ Ok - ak Ok Ok - ak ak 

3=a.k 

and to study the convergence of ()A.3|) we divide the indices k £ N into four 
sets: 

/i := jfc e N : \ak\ > \Jhk - a/, ; \bk\ > yjhk - a^j 
/2 := |A; G N : |afc| > y/bk--a^ ; \bk\ < Vh - afcj 
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Is := 1^ G N : \ak\ < yjhk - Ofc ; |6fc| > - Ofcj 



'4 : = 



First of all we can neglect since it contains only a finite number of indices 
by (|2.8|) . Moreover we introduce for z = 1, 2, 3 the notation 

:= {kel, : afc > ; 6fc > 0} 
and analogously for the other two possible combinations, ( — h) and ( ). 



We remark that I2 



and I-i 



r{++)u/(-+) 



Let us consider ()A.3|) for the indices k G By and ()A.2|) . for 

any given x G Yi and any fixed 7/ > there exists fco G N such that for all 
k > ko we have 



bk 



ak 



< rj 



< r] 



Also by ()2.9|) we can assume that for k > ko we have 



(A.4) 



(A.5) 



bk—Ck 



< limsup 



Ik 



k^oo 



bk—o-k 



bk—ak 



< l + limsup^+r/ = l + ^+r? 



Applying these inequalities to ()A.3|) we have that for all k > ko 



1 



bk — ak 



bk-l 



X] 



]=ak 



< 7] 1 + ^+ 7/ 7-+?? 



This proves ()3.9|) for all sequences and 6^ with k G The same 

argument applies to k in l[ "''^ and l[ ■* by writing the right hand side of 
HA.3|) respectively as 

(A.6) 

(A.7) 



and using conditions (|2.8() - (|2.10() . 



Let us consider now k £ L 



(A.8) 

hence 
(A.9) 



bk+\o-k\ bk ^ bfc + ldfcl \ak\ 
\a.k\-\bk\ \bk\ 

First of all it holds 

< lim — - : 

fc^oo + \ak\ 



(-+) 

> 

bk 



< lim 

k^oo bk ~\~ I Ofc I 



lim 



ml 



fc— >oo bk ~\~ |flfc| 
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Moreover we can apply to Jal\ and, since bk < a/&A; + |afc|, it holds 



(A. 10) limsup 



h + \ak\ 



< limsup , ^' f'"''' = 



fc-^oo a/^/c + Iflfcl \/&/c + l^fcl 

Hence, using HA.6|) and applying HA.lOf) to the first term and (|A.9() and (|A.2() 
to the second term, we prove (EH) for k£ 4 

The same arguments apply also to \ ^^'^ to /s by interchanging the 
role of Ofc and 6jt . 

The proof of follows by a similar argument. First we show that 

there exists a set Y2 C X with i^{Y2) = such that for any diverging 
sequence of integers {^^1^ it holds 

(A,n) lim «^"W'=o 

k~>oo |?T-fc| 

for all X G Y2. Since ^ G and ^ > 0, and since the transformation T is 
measure preserving, for all r/ > it holds 

00 00 

fc=l k=l 

= - krj {{k + 1)7] > ^{x) > kr]} < - / ^{x) dv < 

^ ^ A(fc+i)'?>?W>fc'?} 

< - / £,{x)dv < 00 

hence from the Borel-Cantelli lemma it follows that the measure of the set 
on which ^ j} " > r/ infinitely often is zero. Let us moreover assume that 
the function S,{x) satisfies Birkhoff theorem (condition HA.2|) ) for all x G Y2- 
We now use (jA.llf) as we used (|A.2|) before. If > V&fc — Ofc then by 
(|2.8j) bk ^ 00, hence we can apply (|A.11|) to bk- Hence by using (|A.5|1 . we 
have that for all x E y2 and for any given r/ > there exists kQ(x) such that 
for all k > ko{x) it holds 

e(r^'=(x)) ^ / 1 

<r](l + -+r] 



a-k V ^. 



hence 1)3. lip holds in Y2 for these indices. 

If instead 1 6fc | < \/bk — a^, we can apply (|A.2|) by writing 

lim sup -^^^ < lim sup —^=^ — ^ — = 

k^oo bk — ak k^oo ybk — ak v &fc — fflfc 

using ^ > 0. Hence ()3.11() holds in Y2 also in this case. This finishes the 
proof of the lemma by choosing y := Yi n 12- D 
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